ON MULTIPLE EISENSTEIN SERIES IN POSITIVE CHARACTERISTIC:
DIRECT SUM RESULT

CHIEH-YU CHANG, SONG-YUN CHEN, FEI-JUN HUANG, AND HUNG-CHUN TSUI

ABSTRACT. In this paper, we study multiple Eisenstein series (MES) in positive characteristic.
By computing and analyzing the t-expansions of MES, we determine the precise “weights”
of their coefficients. This framework enables us to establish a graded algebra structure for
MES, extending the direct sum result for Thakur’s multiple zeta values proved in [Chal4].
Our result may also be viewed as a function field analogue of the corresponding direct sum
result of Bachmann and Kanno [BK26].
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1. INTRODUCTION

1.1. Classical story. Throughout this paper, we denote by Z the set of integers. An index
refers to the empty index @ or a tuple of positive integers. For any nonempty index
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s =(s1,...,5m), we put
wt(s) =s1+---+s, and  dep(s) =m,

which are called the weight and depth of the index s, respectively. By convention, we
define wt(@) = dep(@) = 0.

Classical real multiple zeta values (MZVs for short) are generalizations of the Rie-
mann zeta values at positive integers, originating in the works of Euler, Hoffman, and
Zagier [Hof92, Zag94]. They are defined, for any nonempty index s = (si,...,sy) with
s1 > 2, by the following series

(81, 8m) := Z . 1

.« .. sy” '
ny > >1 M Nm

MZVs have been intensively studied since their introduction, as they occur in number
theory and arithmetic geometry as well as their intersection (see [And04, Zhal6, BF26]).

A remarkable deformation of MZVs is provided by the multiple Eisenstein series (ab-
breviated as MES) initiated by Gangl-Kaneko-Zagier [GKZ06] in the depth two case, and
generalized by Bachmann for higher depth [Bac12]. We denote by IH the complex upper
half-plane. For any nonempty index s = (s1,...,5x) with s; > 2,...,s, > 2, the associated
MES is the multiple lattice sum

Gﬁ(T) = 2 # T€eH,

where the summation is taken over the lattice Z1T + Z. When s; = 2, we use Eisenstein
summation (see [Bac23]). Here, A = at+b > Omeansa > 0, ora = 0and b > 0, and
A = A means A — A’ = 0. Based on [GKZ06, Bac12], the constant term of the Fourier
expansion of G4(7) is the corresponding MZV ((s).

For any integer w > 2, we denote by 3, (resp. &) the Q-vector space spanned by {(s)
fors = (s1,...,5m) with sy > 2 (resp. G4(7) for s = (s1,...,5,) withs; > 2,...,s,, > 2) and
wt(s) = w. We further set

30=&6=0Q, 31 =& = {0}.

Put3 =Y 503w and & := } > &u. From the harmonic product, 3 and £ form Q-algebras.
More precisely, we have that for integers wy, w, > 0,

5101 : 3w2 g 3w1+wz/ 5101 : ng g €w1+wz-

The celebrated Goncharov—-Zagier direct sum conjecture [Zag94, Gon01] predicts that there
should be no nontrivial Q-linear relations among MZVs of different weights:

Conjecture 1.1 (Goncharov-Zagier). The Q-algebra 3 is a graded Q-algebra, i.e., 3 = @>0 Jw-

In the very recent paper [BK26], Bachmann and Kanno give an affirmative answer to the
analogue of Goncharov-Zagier’s conjecture for MES in the following results.

Theorem 1.2 (Bachmann-Kanno [BK26]). Let Ec be the C-vector space spanned by all multiple
Eisenstein series. Then the following results hold.
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(i) &= @wZO Sw
(ii) The natural map € ®q C — Ec is an isomorphism.

In the function field setting, the first named author [Chal4] proved an analogue of
Goncharov-Zagier’s direct sum conjecture for Thakur’s MZVs by incorporating the Baker—
Wiistholz—Yu philosophy [Wus89, BW07, Yu97]. The purpose of this paper is to extend the
result of [Chal4] to MES in positive characteristic defined in [Chel7, CCHT25].

1.2. Function field analogue. Throughout this paper, we fix the following notation. Let p
be a prime and let g be a power of p. Let IF; denote the finite field with g elements and
6 be a variable. We denote by A := IF,[f] the polynomial ring in 6 over F,; with field of
fractions K := IF;(0). Let Ke := IF;((1/6)) be the completion of K at the infinite place oo,

with uniformizer 1/6, and let Co := Ko be the completion of a fixed algebraic closure of
K. We let | - | be the absolute value on Co, normalized such that |6| = q. We further denote
by K the algebraic closure of K in Co. Finally, we put A, = {a € A | a is monic}.

For any nonempty index s = (s1,...,5y), Thakur’s MZV at s [Tha04] is defined by

1
Cals) == ) w7 € Koo
fll--vfmeA+ 1 m
deg f1>--->deg fm

Carlitz zeta values [Car35] are special cases of Thakur’s MZVs with depth one. By conven-
tion, we put {4(@) = 1.
For any subfield L of C, containing K and integer w > 0, we put

Z1w =span;{la(s) | wt(s) = w}.

In [Thal0], Thakur discovered and proved the so-called g-shuffle product, which implies
that for any integers wy, w, > 0,

ZL,wl . ZL,wz C ZL,w1+w2-

It follows that the L-vector space spanned by all Thakur’s MZVs, denoted by
Zr=Y Ziw,
w=0

forms an L-algebra.

Using the linear independence criterion of Anderson-Brownawell-Papanikolas [ABP04]
as well as period interpretation of Thakur’s MZVs proved by Anderson-Thakur [AT09], we
have the following stronger form of function field analogue of Goncharov-Zagier’s direct
sum conjecture.

Theorem 1.3 ([Chal4, Theorem 2.2.1]). We keep the notation as above. Then the following results
hold.

(i) Zg is a graded algebra, i.e., Zx = @y ZKw'
(ii) The natural map Zx Qg K — Zx is an isomorphism.
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In other words, Z¢ is a graded algebra “defined over K” in the sense that K-linear
independence of Thakur’s MZVs implies K-linear independence.

Motivated by Gangl-Kaneko—-Zagier, MES in positive characteristic were introduced by
Chen [Chel7] in the case of rank two and depth two, and the theory was later extended to
MES of arbitrary rank and arbitrary depth in [CCHT25]. Hereafter, MES will always refer
to multiple Eisenstein series in positive characteristic whenever it is clear from the context.
The primary goal of this paper is to extend Theorem 1.3 to MES. We briefly recall their
definition here, and refer to §2 for further details.

Fix a positive integer r. For any f = (f1,...,fr) € A" and z = (z4,...,z,) € CL, we put

(f,z):=f2" = fiz1 + - + frzr € Cx.

By viewing the set A, as an analogue of the set of positive integers, we define a partial
order > on A" given in Definition 2.1, and then define the following MES of rank r, which
are rigid analytic functions on the Drinfeld symmetric space

O ={z=(n,...,2:) € Cl | z1,...,2r are Ke-linearly independent and z, =1} .
Definition 1.4 ([CCHT25, Definition 1.4]). Fix a positive integer r. For any z € ()" and
nonempty index s = (sy,...,5,), we define the multiple Eisenstein series of rank r by

1

fl,m;mEAr <f1, Z>51 Ce <fm,Z>Sm .
A 0

E.(s;z) =

We adopt the convention that E,(&; z) := 1.

Note that the above definition was initiated by Chen [Chel7] in the case of r = 2 and
m = 2. We also mention that, in [Pel25], Pellarin studied vector-valued versions of MES
in the rank two case. In analogy with the classical case, our MES can be regarded as a
higher-rank deformation of Thakur’s MZVs as we have

Ei(s;2) = Ca(s)

(see [CCHT25, p. 4]). Moreover, for r > 2, the MES E,(s;z) admits a “Goss expansion”
with constant term E,_1(s; w) (see Proposition 2.6).
Let r > 1. For any subfield L of Co containing K and integer w > 0, we set

20" .= span, {E,(s5;z) | wi(s) = w}

and let
Z(”) - i Z(”)
L - Lw:*
w=0

It is shown in [CCHT25, Theorem 1.6] that Thakur’s g-shuffle product can be lifted to MES.
Therefore, for any integers wy, w, > 0,

(1.2.1) z"

L,w1

.Z&)Uz - Z(’)

Lwy+wo

and Zir) becomes an L-algebra.
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1.3. Main results and idea of proof. The main result of this paper is stated as follows.

Theorem 1.5. For any integer r > 1, the following results hold.
(i) Zg ) is a graded algebra, i.e.,

" _ 4\ 20
zl = EBZKW.
w=0

(ii) The natural map ZI(J) @ K — Zg ) is an isomorphism of K-algebras.

The proof of our main results is outlined as follows. We proceed by induction on r to
establish Theorem 1.5, with the base case r = 1 following from Theorem 1.3. The bridge
from MES of rank r + 1 to MES of rank r is the “expansion at infinity” in the parameter
ta,- The key ingredient of the induction step is to analyze the t5 ,-expansion of any MES
of rank r + 1. We compute its coefficients and show that each coefficient can be expressed
in terms of MES of rank r, divided by a suitable power of the Drinfeld discriminant form
A, (see §3.1).

The explicit description mentioned above allows us to determine the “weights” of the
coefficients appearing in the 5 ,-expansion. Consequently, any linear relation among MES
of rank r 4 1 induces, coefficient by coefficient, corresponding relations among MES of rank
r. Using the uniqueness of the f, ,-expansion together with the induction hypothesis for
MES of rank 7, we then obtain the desired conclusion for MES of rank r + 1, and hence
establish Theorem 1.5 (see §3 for details).

Remark 1.6. After completing the proofs of our main results, we learned that Bachmann
and Kanno had posted on arXiv a paper proving Theorem 1.2. We then observed that their
method could be adapted to strengthen our Theorem 1.5 by replacing K with Co, when
r > 2. Precisely, the proof of the first assertion in arbitrary rank and that of the second
assertion in rank two follow a strategy similar to that of [BK26], while the second assertion
in arbitrary rank is obtained by combining the rank two case with the induction argument
used in the proof of Theorem 1.5. We refer to Appendix A for details.

2. PRELIMINARIES

In this section, we recall the necessary preliminaries on Drinfeld modular forms, multiple
Eisenstein series, and multiple Goss sums, which will be used primarily in the proof of
Theorem 1.5 in §3.

2.1. The Drinfeld symmetric space (). Given a positive integer r > 1, we identify the
Drinfeld symmetric space )" of rank r with the following subset of C.:

O ={z=1(z1,...,2,) € C, | z1,...,2r are Ke-linearly independent and z, = 1}.

It is known from [Dri74, Proposition 6.1] that ()" admits a rigid analytic structure and we
denote by O(€)") the Co-algebra of rigid analytic functions on €)'
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Then for any z = (z1,...,2,-1,1) € Q" and f = (f1,..., fy) € A", we denote by (f,z) :=
fizi+ -+ frcizp—1 + fr € Coo. We put
N, = {<f,z> ‘ fe AV} C Cq,

and note that A, forms an A-lattice of rank r inside Ce.
We now recall the notion of the ¢t Ay -expansion. Assume r > 2. For z = (zy,...,2,-1,1) €
Q, weputz' = (z3,...,2z,.1,1) € Q"' and consider the function

(2.1.1) ta,(z1) =),

AEA,

-1
t+A P, (z1)",

where

z
expp,(z1) =21 [] (1—/\1)
‘ 0#£AEA,

is the exponential function associated with the rank » — 1 lattice A, (see [Gos96, §4]).

Let
1 *
I, .= { ( 01, ) } C GL,(A)

and denote the subspace of all T,-invariant functions by O(Q")I". By [BBP24, Proposi-
tion 5.4] (see also [Gek25]), every F & O(Q) admits a unique f5 ,-expansion:

F(Z) = Z Fn(Z/)tAz,(Zl)n,
n=—oo
valid for z = (z1,...,2,-1,1) € Q' in a neighborhood of infinity. We further define the
order of F at infinity by ord,(F) :=inf{n € Z | F,(z') # 0} € Z U {£o0}.

2.2. Multiple Eisenstein series and multiple Goss sums. To define MES, we first recall
the partial order introduced in [Chel7, CCHT25], reformulated here as a partial order on
A,

Definition 2.1. For every nonzero f = (fi,..., fr) € A”, we put

((f) =min{i € {1,...,7} | fi #0}.
We define a partial order >~ on A" as follows. For nonzero f € A’, we write f > 0 if
fus) € Ay For f,g = 0, we write f = g if either £(f) < £(g), or

((f)=4t(g) and  degfyy) > degg(q):

For any r > 1 and any nonempty index s = (s1,...,5sy), recall that the associated MES
of rank r is defined by

1

fl,...jzmeA’ (Ff.2)" - fm 2)™
.f]>‘”'>‘fm>‘0

E (s;z) =

It was shown in [CCHT25] that E,(s;z) is a rigid analytic function on ()". Moreover, for
r > 2, it is invariant under I',, and therefore admits a unique ¢ Ay -expansion.
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Given r > 1 and an A-lattice A of rank 7 in Co, we write

(2.2.1) exp, (X) = XO I (1 — }A() = Z en(A)X7".
#FAEA n=0
For z € (), we also put e,(z) := e,(A;). By [BBP24, Proposition 15.3], the function
z — ey(z) : O — Co is a rigid analytic function on Q). Hence, we may regard exp, (X)
as a power series with coefficients in O(Q)").
With the necessary setup, we recall the notion of Goss polynomials:

Definition 2.2 (Goss polynomials, [Gos80, Gek88]). Fix r > 1 and an A-lattice A of rank
r in Ce. We define the Goss polynomials by the sequence of polynomials {G}(X)}% , in
Co[X] satisfying the following recurrence:
(i) GMX) =X, and
(ii) for an integer k > 1,
Ge(X)=XxY ei(A)Glf_qi(X).
qi<k

Since z +— e,(z) is a rigid analytic function on ', the coefficients of G,{\Z(X) are also
rigid analytic functions on )". In addition, if exp, (X) € K[X], then G}(X) € K[X] for
every integer k > 1.

The core property of Goss polynomials is that they express the reciprocal power sums
over lattices in Co as polynomials in t,,(X), where 5, (X) is obtained from (2.1.1) by
substituting 2’ — z and z; — X.

Proposition 2.3 ([Gos80, Gek88]). For any integer k > 1, the following properties hold.

(i) G (tn, (X)) = Lo, ey

(ii) G*(X) is a monic polynomial of degree k.
(iii) X | Go* (X).
(iv) if 1 <k <gq, G}*(X) = X*,

Using Goss polynomials, we have the notion of multiple Goss sums (abbreviated as
MGS) introduced in [CCHT25].

Definition 2.4 (Multiple Goss sums). For any r > 2 and nonempty index s = (S1,---,5m),
we define the multiple Goss sum of rank r by

Glsiz)= L Gy’(ta,(fiz1) - Go? (ta, (fuz1)).
flr-~~/fmeA+
deg f1>--->deg fm

By convention, we put G,(2;z) = 1.
We also recall the notations s(!) and 5(;)- The former one is the index obtained from s by

deleting the first i entries and the latter one is the index obtained from s by retaining the
tirst i entries. The precise definitions are given as follows.
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Definition 2.5. For a nonempty index s = (s1,...,s,) and i > 0, we let

S, 1 = O, gl l = OI
5 — (Siz1,.-or8m), 1<i<m, and si) =14 (51,...,8), 1<i<m,
, i>m, s, 1> m.

Using Proposition 2.3 and Definition 1.4, we obtain the Goss expansion of MES:

Proposition 2.6 ([CCHT25, Proposition 2.3]). For any integer r > 2 and any index s, we have

dep(s) ,
E(s;z) = E1(s;2)) + ) Er_l(s(l);z’)Gr(s(i);z).
i=1

The authors of [CCHT26] computed the 5 ,-expansion of 4 , (fi1z1) and established the
following lower bound (see the proof of [CCHT26, Lemma 2.9]):

(2.2.2) Ordr(tAZ, (le)) > q(”_l) degf.

Furthermore, by using (2.2.2), it is shown in [CCHT26, Proposition 2.10] that the constant
term of the f5 ,-expansion of E,(s;z) is E,1(s;2').

2.3. Drinfeld modular forms. Throughout this paper, the term “Drinfeld modular form of
rank r” refers to a Drinfeld modular form of type 0 for GL,(A). For any integer r > 2 and
integer w > 0, we denote by ///u(f) the Co-vector space of Drinfeld modular forms of rank
r and weight w, and by .# (") the Cw-algebra of Drinfeld modular forms of rank r. Then
M =@ .y
w>0

forms a graded Cw-algebra (for the definition of Drinfeld modular forms and further de-
tails, see [BBP24]).

Now let r > 1 and let Co[7] denote the twisted polynomial ring determined by the
relation ¢ = ¢t for all ¢ € Cw. By the Drinfeld uniformization theorem (see [Gos96,
§4.3]), for each z € (Y, the A-lattice A, determines a rank r Drinfeld A-module

PP 1 A — CoolT], a— iz,

characterized by

exp,, (aX) = ¢ (exp,, (X))
for all 2 € A. In particular,
(2.3.1) expy, (0X) = cpé\Z (eprz (X)).
Now, write

P =0+g1(2)T+ - +g1(z)T 1+ A(2)T.
Notice that A,(z) is nowhere vanishing.
In analogy with the classical setting, where the coefficients of the Weierstrass equation

of an elliptic curve associated with a lattice generate the ring of modular forms for SL,(Z),
we have the following results due to [BBP24].
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Proposition 2.7. For any integer r > 2, the following assertions hold.

(i) ([BBP24, Proposition 15.12 and Proposition 16.3]) Fori =1,...,r — 1, g; is a Drinfeld
modular form of weight g¢' — 1, and A, is a Drinfeld cusp form of weight ¢ — 1.
(ii) ([BBP24, Theorem 17.5(a)]) We have

%(7) — Coo[gll e ,gr—llA"]/

and g1, ...,8r—1, 0 are algebraically independent over Ce.
(iii) ([BBP24, Theorem 17.5(a)]) We have

A = Co[ED,.. EX) ),

and E;rjl, e, Eéfll are algebraically independent over C, where, for s > 1 withq—1 | s,

T 1
(2.3.2) Ez) = ¥ =
0ANEA,

denotes the single Eisenstein series of rank r and weight s.

(iv) ([BBP24, Proposition 15.3]) For every n > 0, e,(z) is a Drinfeld modular form of weight
q" — 1.

(v) ([BBP24, (15.1) and (15.6)]) We have

K[g1,--. 81,00 = Klei | i > 1] = K[EL,, ... EV) ],

For any integer r > 2 and any subfield L of C containing K, we put
M =L, g1, ) C o,
and denote by .7, L(TZL its weight w homogeneous component. The following lemma shows

that every element of .#, "

| » can be expressed as an L-linear combination of MES of weight

w.
Lemma 2.8. For any integer r > 2 and any subfield L of Co, containing K, we have
A =Lig,...,g1,0 C 2.
Moreover, if F € L[g1,...,8r—1, ] is a Drinfeld modular form of weight w, then
Fe Zé?v
Proof. By (2.3.2), for every s > 1 with g — 1 | s, one checks that
Es(y)(z) = —E,(s;z),

and hence
(r) (r)
Es' e Z; ;.
By Proposition 2.7, we have an equality of graded L-algebras

Ligt,--- g1, A0 = LIEY,, . .,ng)_l].



10 CHIEH-YU CHANG, SONG-YUN CHEN, FEI-JUN HUANG, AND HUNG-CHUN TSUI

") 0

Thus, if F € .///L(?U, then F is an L-linear combination of monomials in E -1 By of

total weight w. Since each Eo(/,r)_ , belongs to Zy;i_l, it follows from (1.2.1) that

Fez"

Lw

The first assertion follows by summing over all weights. ]

Remark 2.9. We fix a (q — 1)-st root of (—0) and let

4= 0\ " 1
T=(—0)71 1-— € Koo((—0)71
COFTT(1-5) e Kell-0)
be a fixed fundamental period of the Carlitz A-module, namely, 49(3\“ = 0 4 7 (see [Gos96,
§3.2]). When r = 1, we have the following.
(i) The “rank one discriminant form” A; is given by A; = 717! since the Drinfeld
A-module ¢* associated with the point 1 € Q! is determined by

g5 =0+ 7't

By the Euler—Carlitz formula [Car35] (see also [Tha04, Theorem 5.2.1]), A; is a K-
multiple of {4(gq —1). Hence

AP ezl (m>0), and L[A]C 2V

K,m(q—1)
for any subfield L of C containing K.
(ii) For every n > 0, the Carlitz exponential formula (see [Gos96, §3.2]) gives
A1)/

_ L (1)
D, DnA1 € ZK,qu,

where Dg =1 and D, = 1—[7;01(9‘7" — 6.

en(1) =

3. PrROOF oF THEOREM 1.5

In this section, we prove Theorem 1.5. In §3.1, we first compute the coefficients in the
ta,-expansion of MES. Our main goal is to determine the precise “weight” carried by
each coefficient in the 5 ,-expansion of MES (see Theorem 3.6). This enables us to prove
Theorem 1.5 (i) and (ii) in §3.2 and §3.3, respectively.

3.1. t-expansion coefficients of multiple Eisenstein series. Fix * > 1 and a subfield L of
Cw containing K. Throughout this section, we always write

z=(z,7)ec ", Z = (z,...,2,1) €Y.

We study the coefficients occurring in the f ,-expansion of MES of rank r + 1. Note that
the natural projection

Q+l — o, (z1,2') — 2/,
induces an injective C-algebra homomorphism

O — o,
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and we identify O(Q)") with its image under this map.
We first consider the localization

=Y L

weZ
where
F .
ﬁ(Lr,ZU = {AM M>0and F € Z( ) M(g—1) withw+ M(q"—1) > 0},
Notice that by (1.2.1), for any integers w1, w»,
'C(Ltzlil ) ﬁ(Lr,sz g ‘C(Ltzuﬁrwz‘

Lemma 3.1. Fix an integer r > 1 and denote by w an arbitrary point varying in (). For f € A4
with deg f = d, write

P (X ng )XT € O(Q)[X].
Then
8fi € K[gll' . '/gr—ler]
is of weight q' — 1 for every 0 < i < rd. Moreover,

s = ATV,

Proof. For r = 1, the assertions follow from Remark 2.9 and the fact that ¢ : A — Cq[1] is
an [F;-algebra homomorphism. For r > 2, see [BBP24, Propositions 15.12 and 16.4]. O

Lemma 3.2. Fix an integer r > 1 and denote by z = (z1,2’) an arbitrary point varying in Q' 1.
For f € A, write

ta, (fz1) = Y Apn(Z') - ta, (z1)".

N>0
Then
Apn(') € LYy

forall N > 0.

Proof. Let d = deg f. We note that from (2.1.1) and (2.3.1), we have

1 1
tAZ/ (le) = = A,
o, )~ o (im0 )
1

ng z')tp ,(21)” -

~1
th, (z1)7" ol gri(2) i
SRS h i VAR (Y D b ()T

gf,rd(z/) < ;) gf,rd(z/) AZ( 1)

By Lemma 3.1, together with Remark 2.9 for » = 1 and Lemma 2.8 for r > 2, we have

gf ( ) € Z}(; 1’ gf,rd( ) € ‘C§<)1 qrd/
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and hence ,
(z
gf,l( /> € ‘CKr)i_ rd
8frd (Z ) A
Expanding the inverse as a formal power series gives

rd— (z! i - rd— (2 rd_ i "
<1+ Zl gf,z( ) tAZ,(Zl>qr q) — Z(_l)m <Zl gf/( ) tAz,(Zl)q ﬁl) .

0<i<rd—1).

= 85ra(2) m=>0 = 8fra(2)

Consider a monomial occurring on the right-hand side,

m (z vd i
[T 0

Its coefficient belongs to "

. , while its power of tp ,(z1) is
KXty (q/—q7) P «(21)

m i .
(g —q").
=1

Thus, if such a monomial contributes to the coefficient of tV in ¢ A, (fz1), then
m .
N = qrd + Z(qrd _ qu)r
j=1

and its coefficient belongs to

ﬁ(’)

, £
KA=gitpy (g7 —gr) RN

Therefore every term contributing to Ay y(z') lies in £ )1_ v and hence

Arn(Z) € ‘Cg,)l—N
forall N > 0. O

Lemma 3.3. Fix an integer r > 1 and denote by w an arbitrary point varying in QO". For s > 1,

write
S

GM(X) =Y Byi(w)X' € O(QY)[X].
i=1
Then
Bs,i c ‘C’g,)sfi
forevery1 <i <s.
Proof. Recall that the coefficient e,(w) € O(Q") of exp, (X) is defined in (2.2.1). By
Remark 2.9 for r = 1 and Proposition 2.7 and Lemma 2.8 for r > 2, we have

en(w) € Z{), .

According to [Gek88, (3.8)], the Goss polynomial associated with Ay is given by
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where the inner sum runs over all tuples i = (iy,...,i;—1) of non-negative integers satisfy-
ing

s—1 s—1

Y ii=j and Y ig =s-1,

1=0 =0

and

Hence, by (1.2.1),

i (r) —z0
¢W) € Zyrtigon = Zkeo1y

Taking j = i — 1, we obtain
Byi(w)e 20 c Ly ..

l

Lemma 3.4. Fix an integer r > 1 and denote by z = (z1,2’) an arbitrary point varying in Q' 1.
For f € Af and s > 1, write

Gl (ta, (fz1)) = Y Copn(@) - ta, (z1)N.
N>0
Then
CsfN (z') € L‘g,)st
forall N > 0.

Proof. Using the same notation as in Lemma 3.2 and Lemma 3.3, we see that

i
s

G tA/ le ZBSZ ,) 2 AfM tA/(Zl)M

i=1 M>0

Comparing the coefficient of £, , (z1)N, we obtain

&

Il
=

CS,f,N (Z,) =

Bs,z‘(Z’)< )3 li[Af,Mj(Z'))

Mi+-4M;=N j=1

,521 Y. Bz ]i{ As (2
= pl

Mi+---+M;=N

1

By Lemma 3.2 and Lemma 3.3, for each 1 <i <'s, we have
(
HAfM 6 EK)S i E;z,)lfM] e Egg,)lfMi g EK;,,)S*N'

Therefore, C;, f,N(z/ ) € Eg,)s—z\/r as desired. O
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Proposition 3.5. Fix an integer v > 1 and denote by z = (z1,2') an arbitrary point varying in
Q1. For any index s, write

Gri1(s;2) Z ws,N(Z') A, ( (z1)".
N>0
Then
(r)
asn(2') € EKwt( )-N
forall N > 0.

Proof. We may assume that s = (sy,...,s,) is nonempty. Fix fi,..., fiy € A4 with deg f1 >
- > deg f;. Then by Lemma 3.4, we have

Go” (ta, (fiz1)) -+~ o (ta, (fuz1))

= ( Z Csl,fl,Nl(Z,)tAz/ (Zl)Nl) ( Z Csm,fm,Nm (Z/)tAZ, (Zl)N’")

N1=0 N, =0
- N
=) Y. Copm(@)Corn(Z) | ta, (21)
N=0 | Ny+-FN;=N

Ni,...,Nu>0
and
Csl,fl,Nl(Z/) “* Coppfonr, N (z') € Eg)slle T £§<r,)smme < Eg,)wt(g)fN'
Now, note that by (2.2.2), for all s > 1 and f € A, we have

ord1(Gs(ta, (fz1))) = q"48/.

In particular, if deg f > %logq(N + 1), then ord,;1(Gs(fa,(fz1))) > N. Hence, for all
N >0,

Gri1(s:2)

= Y. Ga (ta, (fiz1)) - Go? (ta, (fuz))  (mod ta, (z)VH).
fl ----- fmeA+
T log, (N+1)>deg fi>-->deg fu

Therefore, we obtain

N _ / (r)
“S’N(Z ) - Z 2 CsllfllNl (Z ) e Csmrfm/Nm( ) € LK Wt( ) N
FirofmEAL Ny+-+Np=N
%logq(NJrl)zdegfl>--->degf,,, Ni...;Nu=0

O

Theorem 3.6. Fix an integer r > 1 and denote by z = (z1,2') an arbitrary point varying in Q1.
For any index s, write

Er1(s;2) = Y Bon(Z) - ta, (1)
N>0

Then
(r)
ﬁﬁfN( ) € EKwt() N
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forall N > 0.

Proof. We may assume that s = (s1,...,5,) is nonempty. By Proposition 2.6, we have

m

Eiii1(s52) = ZEr(s(i);z’)Gr+1(5(i);z).
i=0

For each 0 < i < m, write

Gr+1 (5(1');2) = Z “5(1')/N(Z/>t1\z/ (21>N‘

N>0
By Proposition 3.5, we have
(r)

aﬁ(i),N(Z/) € EK,Wt(S(,'))—N.
Moreover,

. (r) (r)

Er(5(l)lzl) € ZK,Wt(5(i)) < ﬁK,wt(s(i))'

Hence

Er(s;2 ) N (2') € cy)

Comparing the coefficients of ¢, , (21)N , we obtain

z

Bs N (z') = ;) E; (S(i)? Z/)‘Xﬁ(z‘)fN (z) € ‘Cg,zlvt(ﬁ)*N'

as desired. n

3.2. Proof of Theorem 1.5 (i). We proceed by induction on r. The case r = 1 is exactly
Theorem 1.3 (i). Let ¥ > 1 and assume that the assertions hold for r. Suppose that we have
a K-linear relation

(3.2.1) Y. ) cEa(sz) =0
i=1 wt(s)=w;

for some distinct wy, ..., w, > 0 and c; € K. It suffices to show that, for each 1 < i < m,

Z csErp1(s;2z) = 0.

wt(s)=w;

By (3.2.1), we obtain
m
Z Z Z CﬁlBiN(Z/) . tAz’ (Zl)N =0.
N2>0i=1wt(s)=w;
By the uniqueness of the ¢, , (z1)-expansion (see [BBP24, Proposition 5.4]), it follows that

(3.2.2) Y. ) cBsn(Z)=0

m
i=1 wt(s)=w;

forall N > 0.
Fix N > 0. By Theorem 3.6,

Bsn(Z') € Eg,)wt(ﬁ)fN'
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Hence, after choosing M >> 1 sufficiently large, we may write
Bon(Z') = A ME N (2)
for all s occurring in (3.2.2), where

= / (r)
E,n(Z') € Zf,wt(s)—mM(q’—l)'

Thus, after multiplying (3.2.2) by AM, we obtain
Z CsEJﬁ,N(Z,) =0.

wt(s)=w;

m
i=1

. . (r)
For each i, note that the inner sum belongs to ZKwi— NAM(g 1)

and the weights
wi—N+M(qr—1)
are all distinct. Therefore, by the induction hypothesis,

Z csEsn(2') =0

wt(s)=w;

for each 1 < i < m. Dividing by Af’l, we obtain

2 C5‘B51N(Z/) =0

wit(s)=w;

for every N > 0 and every 1 <i < m. Hence, by the ¢4 ,(z1)-expansion,

Y cEa(s;z) =0

wt(s)=w;

for each 1 < i < m, as desired.

3.3. Proof of Theorem 1.5 (ii). The surjectivity of the natural map
2z ok K — 2V

is immediate from the definition. We prove its injectivity by induction on r. The case r =1
follows from Theorem 1.3 (ii). Let » > 1 and assume that the assertion holds in rank 7. It
suffices to show that every K-linearly independent family

R,...,Fye 20

remains linearly independent over K.
By Theorem 3.6, for each 1 < i < m, we may write

Fi(z) =) Ar_M(N)')’i,N(Z,)tAZ/ (z1)N,
N>0
where, for each N > 0, the integer M(N) > 0 is chosen sufficiently large so that

yin(@) € 2
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forall 1 <i < m. For each N > 0, define the K-linear map

m
N K" — ZI(Z), (c1,- - Cm) — Y Civin-
i=1
Since A, is nowhere vanishing, the uniqueness of the 5 ,-expansion and the K-linear inde-
pendence of Fi, ..., F, imply that

() keryn = {0}.

N>0

Since K“™ is finite-dimensional, there exists Ny > 0 such that

No
) keryy = {0}.
N=0

Hence the K-linear map

@S (No+1)
Y. KEBm — (ZI(!)) ’ CH— (IIJO(C)I-~~I¢NO(C)>
is injective.
By the induction hypothesis,
2z ok K= 27,
Since K is flat over K, extending scalars from K to K shows that

Yo o (Z%”) oy

7

defined by

m m
(c1,--,Cm) —> (Z Ci’Yi,oz---,ZCi’Yi,N()) ,
i=1 i1

is injective.
Now suppose that ¢y, ..., cn € K satisfy

m
Z CiFi =0.
i=1

Comparing the coefficients of 5 , (z1)N and multiplying by AMMN)

, we obtain

m
Y civin =0
i=1
for every N > 0. In particular, we have
(c1,...,cm) € ker¥g = 0.
Thus, F, ..., Fy are K-linearly independent. This proves the injectivity of
20 @K — ZI(?r—&-l)’

and completes the induction.
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APPENDIX A. THEOREM 1.5 OVER Co

In this appendix, we aim to prove the following stronger version of Theorem 1.5 by
adopting the key ideas from [BK26], particularly the notion of “shifted” MES in Defini-
tion A.5.

Theorem A.1. Fix a positive integer r > 2. Then the following results hold.
(i) Z&)Q is a graded algebra, i.e.,

") _ @ 2z
Ze. =D 2w
w=0
(ii) The natural map ZI(Z) Rk Coo = Zgj} is an isomorphism of C-algebras.

Note that when r = 1, MES are Thakur’s MZVs, and the corresponding base-change
statement over Co, does not hold. We first mention the following immediate consequence
concerning the non-vanishing of rank two MGS.

Corollary A.2. For any index s,

Ga(s;z) # 0.
Proof. If Gy(s;z) = 0, then
dep(s)—1 wt(s)—1 )
Ey(s;z) = (a5 NGa(spz) e Y 22
i=0 w=0
By Theorem A.1, this implies
Ex(s;z) = 0.

On the other hand, by [CCHT26, Proposition 2.10], the constant term of the ta, (z1)-
expansion of Ej(s;z) is E1(s) = {a(s), which is nonzero by [Tha09, Theorem 4]. This
is a contradiction. O

A.1. Proof of Theorem A.1 (i). For N > 1, we let

L,/ 0 0
YN = 0 | 6N —1 | €SL,(A) CGL,(A),
0|1 0

and define a new partial order >y on A" as follows.

Definition A.3. For f,g € A", we define
f =N 0 e f’)/N =0,

and
fng <= fon>=grN

Forz = (z4,...,z,) € CL, we put

|z| ;== max |z;].
1<i<r
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Lemma A4. Let f,g € A" be nonzero with | f|,|g| < qN. Then

(i) f >~ 0ifandonlyif f > 0.
(ii) f >~ g ifand only if f > g.

Proof. Write f = (fi1,..., fr). We have
.f'YN = (f],---;fr—Z;eNfr71 +fr/ _frfl)'

If £(f) < r—2, the first nonzero coordinate of f<yy is the same as that of f, so the first
assertion is immediate. If /(f) = r — 1, then deg f, < N, while

deg(6Nf,_1) = N+degf,1 > N.
Hence 0N f, 1 + f, is monic if and only if f,_; is monic. Finally, if £(f) = r, then
fIYN - (O/ . -/OIfV/O)/

so again f >y O if and only if f > 0. This proves (i). The proof of (ii) follows from a
similar argument. O

Using the partial order >y, we define a “shifted” MES as follows.
Definition A.5. For any nonempty index s = (s1,...,sy), we define

1
EﬁN)(s,‘Z) = Z (fl,z>51 — <fm,Z>s""

fl,...,meAr
fi=n=NFm=NO

By convention, we put EMN (0;z) =1.

The next proposition compares E§N> (s;z) with the original MES. It shows that the shifted
series converges to E,(s;z) as N — oo and relates it to the action of .
Proposition A.6. Let s be an index.

(i) For every z € (Y, there exists a constant ¢(z) > 0 such that

E§N) (s;2) — Er(s;z)‘ < c(z)q’N

for every N > 1.
(ii) Forz = (z1,...,2,-1,1) € OF, put

jN(Z) = N _ Zy_1.

Then

Z1 Zy—2 1
zy = | - P ;= 1] e Y,
N <]N<z> in(z) jn(2) )

and
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Proof. We may assume s = (si,...,Sy) is nonempty. By Lemma A.4, the two summation

sets defining N (s;z) and E,(s; z) agree whenever

\Fil, oo [ fml < gM.

Hence their difference is supported on tuples for which |f;| > gV for some 1 <i < m. On
the other hand, notice that for each fixed z € (), the Ky-linear map

K, —Cx,  fr—(f2),

is injective. Since K[, is finite-dimensional, there exists cy(z) > 0 such that

[(f.2)| 2 a@)|fl  (f k)
Thus, a standard estimate shows that there exists a constant c(z) > 0, independent of N,
such that

EN (s;2) — E(s;2)| < c(z)q7V.
This proves (i).

For (ii), one checks that
TNz = jn(2) 72"

which implies zy € (). It follows that

Er(5}ZN) = Z L

Fiyn €A’ (flz’g])sl T (.fngj)s"'

7

wt(s) 1

oS ear (FrN'zo)s e (Fuyn'zt)on
Fr=--= Fm =0

1

foigiear (NS 205 (Furyt 2)o
fi==fn>=0

— jN (Z)wt(s)

1
wit(s)
fl,...;mem (fr,2)* - (fm,2)n

fi=n-=NFn=NO

=N (s2),

= jn(z)

where the fourth equality follows by the change of variables f; — fi7y" and the definition
of >n. This proves (ii). O

Proof of Theorem A.1 (i). Suppose that
F0+F1+"‘+Fw:0/

where F; € Z&z ; for every 0 < i < w. For each i, choose an expression

m;
Fi(z) =) _cijE:(sij; ),
=1



ON MULTIPLE EISENSTEIN SERIES IN POSITIVE CHARACTERISTIC: DIRECT SUM RESULT 21

where ¢;; € Co and wt(s; ;) = i, and put

ch] 5l]/

By Proposition A.6, as N — oo,
EN (z) — Fi(z).

1

Evaluating the given relation at zy and applying Proposition A.6 again, we obtain
w w . <N>
0= ZFi(ZN) = ZjN(Z)ZFi (Z)
i=0 i=0

Dividing by jn(z)” yields
2 in(2) BN ()

Since Fi<N) (z) — Fi(z) as N — oo, the sequences {Pl. (z)} N>1 are bounded. Moreover, for
N> 0,
in@)| = 10N~z TP =gV —0.
Hence, letting N — oo in the preceding identity yields
Fy(z) = 0.
Repeating the same argument for Fy + - - - + F,_1 = 0, we obtain
Fo=F = =F,=0.

Therefore,
20 =@z,

w>0

O

A.2. Proof of Theorem A.1 (ii). Recall that in Remark 2.9, 7T denotes a fixed fundamental
period of the Carlitz A-module. For an index s, let

Ta(s) =7 WOz, (s),  Ga(s;z) = T "M9Gy(s;2),  Ex(s;z) = 1 WO Ey(s;2)
be the normalized MZV, MGS and MES of rank two. By Proposition 2.6, we have

_ _ dep(s) _ s
(A.2.1) Ex(siz) = Ta(s)+ Y Ca(s")Ga(spiz).
i=1
For any subfield L of C containing K and integer w > 0, we define
Zé 2; = span; {Ex(s;2) | wt(s) = w}, Gvéz)gw .= span, {Ga(s;z) | wt (s) < w}.

For w > 0, we further define

(2 ~(2 ~(2
grw g£ ) = gé,)gw/gééw—l
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2)

where G £ ~_1 := 0. We note that we have a natural L-vector space isomorphism given by

(A.2.2) Zﬁl = Z®) Ex(s;z) — Ea(s; z).

L,w’

Proposition A.7. For every integer w > 0, the natural map
52 ~ A2
0L, @k Ce G2 _,

is an isomorphism.

Proof. Notice that for any z € 0%, A, = A. Let C = ¢4 denote the Carlitz A-module
and exp-(X) = exp,(X) € K[X] denote the Carlitz exponential (see [Gos96, §3]). By
Definition 2.2 and Proposition 2.3, we have

GIAX)eKIX]  (s21), and  GM(tra(ifz)) = 7GH (talf2)).

On the other hand, for every f € A, we have

o 1 B 1 B 1 o
) = e ea ) P )y (ian(mny 1) A

It follows that for every nonempty index s = (s1,...,5u),

Galsz)= Y GHtra(RAz)- - CiA(tra(Rfu)) € Kltaa(iiz)].
fl/---rfm€A+
deg f1>--->deg fi

Here, for each M > 0, (2.2.2) shows that only finitely many terms in the series above
contribute to its t5 4 (77z1)M-coefficient. Hence this coefficient belongs to K. Therefore, we
get an injective K-linear map

~(n _
G2l = Kltza(7z1)].
Since C is flat over K,

Gk Ok Coo = Coo[tra(721)]

is still an injection. Notice that the image Q~I(<2)§w @k Coo — Coo[[tza(721)] is Ge,<w, SO the
assertion follows. O

The following two consequences of Proposition A.7 are useful for the remaining proof:

(i) For w > 1, consider the exact sequence
0= Gl s = Gty — 81, G — 0.
By Proposition A.7, tensoring with Co shows that the natural map
(2 ~ 5(2
(A.2.3) g1, G @k Cw = g1, chof,

is an isomorphism.
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(ii) For w > 1, we have
5(2 5(2 5(2
(A‘2'4) gI(<,)§w N gém),,gwfl = g1(<,)§w71'
To see this, we first note that the inclusion “2” is clear. On the other hand, suppose
x e Q~I(<2)§w N 5&3 <w-1- Since C /K is faithfully flat, the natural map
8w g~l(<2) — 8Ly g~l((2) @k Coo
is an injection. Composing with (A.2.3), we obtain an injection
gr, Ok = 81, 0% @k Ceo = g1, GC)

We see that the image of the element x + g~I(<2,)§w71 € gr, QNI(?) under the composite
map above is

X+ QN&ZISwfl =0€gr, QN&S
and thus x + G}(f)gw,l =0¢€gr, le(f), which gives the desired result.
Proposition A.8. Let L = K or C. Then for any integer w > 0 the map
Prw = (Ez (s;z) — Ga(s;z) mod géz)gwq) : Zvézz?; — g1, G
is a well-defined isomorphism.

Proof. Assume w > 1 as the case w = 0 is clear. We first show the well-definedness for
L = Cq. Suppose

m ~
0= ZC{E2<51','Z> S Z(Zoz,w
i=1

for some ¢; € C. Then by (A.2.1) we have

m_ dep(s;)—1

iciéZ(ﬁi;Z) =Y Y Zals)MNGa(s)) € G o
=

i=1 j=0
Hence, ¢c,, . is well-defined.
Now, we show the well-definedness for L = K. Suppose that

m ~
0= ZCiEZ(ﬁi; Z) S Zl(éz)u
for some ¢; € K. Similarly, by (A.2.1) and (A.2.4), we see that
m
~ e (2 (2
Y ciGalsiz) € Gk N G <1 = koo
i=1

Hence, ¢k 1, is well-defined.

For L = K or L = C, we note that the surjectivity of ¢ 4 is clear from the definition.
We then show the injectivity of ¢y, as follows. Suppose that Y7, ¢;Ea(s;;z) € ZNQJ such
that

LIS =(2) ~(2)
ZCiG2(5i;Z) €Yl cw1 S Ye,,<w-1-
i—1
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By (A.2.1), we have

ciEx(si;2) —

ciGa(si;z) € Gvéii,gw—l’

M

Il
—_

o

N
I
—_

1
which implies

S 50) ¥ 50

ZCiE2<5i;Z) €0¢, <w1 C Z ZCOO,]"

i=1 j=0
Therefore, by Theorem A.1 (i), we obtain

o T 20 20
Z CiEz(ﬁi;Z) S Z ZCoo,]' N ch,w =0.
i=1 j=0

This proves the injectivity. O

Proof of Theorem A.1 (ii). It suffices to show the case r = 2. For general r > 2, the result
follows by adapting the induction argument of Theorem 1.5 (ii), with K replaced by C
and the base case of the induction replaced by the case r = 2.

Assume r = 2 and w > 1. The map 2}((220 Ok Coo — ng)w fits into the following

s

commutative diagram:

20 @y Co — 29
| |

gr, G @k Coo —— gr,, G0

where the three isomorphisms follow from Proposition A.8 and (A.2.3). This implies
Z~I(<220 ®k Coo — ZN&zw is an isomorphism. Therefore, by (A.2.2), we obtain

22 5 € S 20

Ceo,w"

The assertion for r = 2 follows from summing over all w > 0. This completes the proof. []
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